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Abstract. In this paper, we propose a model-simulation framework for virtual tensile strength
tests of random fiber structures, as they appear in nonwoven materials. The focus is on the efficient
handling with respect to the problem-inherent multi-scales and randomness. In particular, the
interplay of the random microstructure and deterministic structural production-related features
on the macro-scale makes classical homogenization-based approaches computationally complex
and costly. In our approach we model the fiber structure to be graph-based and of truss-type,
equipped with a nonlinear elastic material law. Describing the tensile strength test by a sequence
of force equilibria with respect to varied boundary conditions, its embedding into a singularly
perturbed dynamical system is advantageous with regard to statements about solution theory
and convergence of numerical methods. A problem-tailored data reduction provides additional
speed-up, Monte-Carlo simulations account for the randomness. This work serves as a proof of
concept and opens the field to optimization.
Keywords. nonwoven material; virtual tensile strength test; fiber network; graph-based data
reduction; singularly perturbed dynamical system
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1. Introduction
Nonwovens consist of random fiber structures. Depending on the production process and the
type of entering fiber material, the resulting fabrics range from hygiene and medical products over
insulation and filter materials to automotive and mattress felts. The nonwovens’ properties are just
as diverse as their uses, they can be, e.g., homogenous, absorbent, sound-insulating, tensile. For
details on nonwoven fabrics, manufacture and applications we refer to [2, 7, 30]. For the technical
textile industry, the model- and simulation-based prediction and optimization of the nonwovens’
properties are desirable to avoid expensive experimental test runs. Focussing here on the mechanical
property of the tensile strength, the mathematical challenge lies in the appropriate handling of the
existing problem-inherent multi-scales: the microstructure is determined by a random fiber network,
but often superposed by structural production-related deterministic features on a macroscopic scale,
see, for example, the airlay-produced nonwoven material in Fig. 1. We aim for a model-simulation
framework that can cope with multi-scales and randomness efficiently and enable extensive tensile
strength tests for design and optimization purposes.
In literature there exists a variety of ways for generating virtual material samples based on
computer tomography data and/or process parameters, such as three-dimensional volume imaging
[9, 16, 26], statistical analysis and stochastic geometry [25, 27, 29, 31] or stochastic lay-down models
[11, 20, 21]. Detailed resolution of the individual fibers, however, is cause to high complexity and
makes simulations with real-size samples impossible. Instead, the use of homogenization techniques
is practice where material properties are deduced from smaller and computationally handable rep-
resentative volume elements [14]. Stochastic fiber networks and non-periodic homogenization are
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Figure 1. Left: Airlay-produced nonwoven sample that possesses a ramp-like
contour plane as structural production-related feature [12]. Right: Test material
volume V virtually generated according to the set-up specified in Sec. 4, Table 1.
a recent topic of research and addressed in, e.g., [4, 23, 24, 32]. For an homogenization approach
on nonwoven materials see [28], this article also provides a remarkable survey over nonwoven mi-
crostructure models and studies in literature. Model- and simulation-based investigations of the
tensile behavior and mechanical analysis of nonwoven materials can be found in, e.g., [1, 3, 10, 28].
Approaches based on finite element simulations on a mesoscopic scale, such as [1, 8], treat the non-
woven as continuum and rely on empirical insights regarding the fiber orientation to incorporate
randomness. Using representative microstructure samples the behavior of the fiber structure as elas-
tic Cosserat network is computed with rods/beams in three dimensions in [22, 33] and with trusses
in two dimensions in [5, 19]. In [10] a combination of shells and trusses is chosen to model fibrous
matrix and linked single fibers. For airlay-produced nonwovens a chain of mathematical models has
been presented in [12] that enables the simulation of the industrial process and the investigation of
the resulting nonwoven material by virtual tensile strength tests. The models range from a highly
turbulent dilute fiber suspension flow to stochastic surrogates for fiber lay-down and web formation
and further to random Cosserat networks with effective material laws. The nonwoven material pos-
sesses a deterministic ramp-like contour plane that crucially affects the tensile strength. To account
for this macroscopic feature, representative volume elements over the material height are chosen in
which the behavior of the fibers is computed by means of a finite element element method. However,
in spite of homogenization and parallelization, the virtual tensile strength simulations become very
costly. They are the bottleneck that the procedure is not suitable for design and optimization.
This paper aims to overcome the computational complexity. Proceeding from the model chain
of [12], we equip the random graph-based fiber structure with an elastic behavior of truss-type
proposing a nonlinear material law. The virtual tensile strength test is modeled by a sequence of
force equilibria with respect to varied boundary conditions, yielding a family of large-scale nonlin-
ear systems. A friction-based regularization in form of a singular perturbation ensures existence
and uniqueness of solutions and makes fast, robust computations possible. Additional speed-up is
achieved by the development of a problem-tailored data reduction method which removes subgraphs
not contributing to the tensile behavior. Contrary to existing works, our approach is capable of
handling tensile strength simulations with large complex material samples on a macroscopic level
without any further homogenization techniques. This way, structural features are directly taken
into account. The randomness is treated by Monte-Carlo simulations. Our work serves as a proof
of concept. With the achieved efficiency the proposed framework opens the field to optimization.
The paper is structured as follows. The virtual generation of the fiber structure topology follows
the spirit of [12] and is briefly described in Sec. 1.1. In Sec. 2 we present the model for the
random elastic graph-based fiber structure of truss-type and the virtual tensile strength tests. Our
problem-tailored data reduction technique is subject of Sec. 3. Using a nonwoven material of airlay-
produced type, we study the performance of the tensile strength simulations in view of accuracy
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and computational costs in Sec. 4, special focus is on the effects of regularization, data reduction
and randomness.
1.1. Virtual generation of fiber structure topology. The nonwoven material is the deposition
image of the fibers (cf. Fig. 1). In an airlay-process with short fibers, a striking feature in the fiber
structure is a ramp-like contour surface. It results from the characteristic lay-down distribution of
the fibers onto a moving conveyor belt in machine direction (MD), while their lay-down in cross
direction (CD) and in time can be viewed as homogeneous in the production process. A deposited
fiber of length L is identified with the lay-down time T and the MD-CD coordinates (X,Y ) of one
of its end points. Consider a cubic reference material volume VR over the nonwoven height h with
base area w2R and let TR be the time needed to produce it, i.e. VR = [−wR/2, wR/2]2 × [0, h] with
wR > 2L. A fiber particularly contributes to the sample VR, if X − xb(T ) ∈ [−wR/2, wR/2] is
satisfied where xb accounts for the motion of the conveyor belt. In the three-dimensional web we
model the fiber as a stochastic process in terms of the curve η(X,Y,T ) : I → VR, I = [0, L]
dηs = R(ηs · ex + xb(T )) · τ s ds, η0 = (X − xb(T ))ex + Y ey +R(X)ez (1.1a)
R(x) =
1√
1 +R′(x)2
[I + (
√
1 +R′(x)2 − 1)ey ⊗ ey +R′(x)(ez ⊗ ex − ex ⊗ ez)]
R(x) = h
∫ x
−∞
r(x¯) dx¯
with X r-distributed, Y ∼ U([−wR/2, wR/2]) and T ∼ U([0, TR]) uniformly distributed – based on
the stochastic Stratonovich differential system
dξs = τ s ds (1.1b)
dτ s = − 1
B + 1
[Πs(B) · ∇V (ξs) ds+AΠs(
√
B) ◦ dws] (1.1c)
Πs(x) = n1,s ⊗ n1,s + xn2,s ⊗ n2,s
with unit tensor I as well as ζ0 = 0 and τ 0 uniformly distributed in the unit circle spanned by
ex and ey. The underlying anisotropic stochastic lay-down model (1.1b)-(1.1c) for fiber position
and orientation, ((ξ, τ ) : I → R3 × S2) with unit sphere S2 ⊂ R3, originates from [21]. It presents
the path of a deposited fiber onto the ex-ey plane (here: MD-CD plane) as image of an arc-length
parameterized curve that is influenced by various parameters of the production process. Modeling
the fiber tangent τ , the drift term describes the typical coiling behavior with the potential V , while
the white noise term with the vector-valued Wiener process (w : I → R3) and the scalar amplitude A
accounts for fluctuations in the lay-down process. The parameter B ∈ [0, 1] indicates the anisotropic
behavior with the local orthonormal right-handed director triad {τ ,n1,n2}, n1 ∈ span{ex, ey}, i.e.,
planar lay-down for B = 0, isotropy for B = 1. By introducing the fiber curve η in (1.1a) we adopt
the standard model to feature the ramp characteristics. The contour line R of the fiber material in
MD is described by means of the joint probability density function r of the deposited material. A
fiber end point lies on the associated contour surface and the fiber orientation is aligned to it due
to the local rotation group, R(x) ∈ SO(3). This model shows very concisely the typical nestling
behavior of the fibers on the contour plane in contrast to the model in [12] where dηs = R(X) ·τ s ds
with fixed rotation is used. In the following we restrict our considerations to the embedded test
material volume V ⊂ VR with smaller base w2, w = wR − 2L, to exclude lateral boundary effects
due to partially contained fibers. The random fiber web is consolidated by adhesive joints as a
result of thermobonding. Let ηh denote the discretized fiber, i.e., set of discrete fiber points. We
model an adhesive joint a to be formed by two fibers ηh and η˜h
a =
1
2
(p? + p˜?) (1.2)
if ‖p? − p˜?‖2 < κ, (p∗, p˜∗) = argmin
(p,p˜)∈ηh×η˜h
‖p− p˜‖2
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with contact threshold κ > 0. The adhesive joint takes the place of the fiber points in contact, p?
and p˜?, in the respective fibers. Note that the minimizer might be not unique such that we use the
first minimizer found for practical reasons. As the fibers lie rather straight, we assume at most one
contact between each fiber pair. If more fibers are involved in a contact, the resulting adhesive joint
is centered between the respective fiber points in contact. For the identification of the adhesive
joints we use a bounding box method which has the complexity O((mηnη)2), mη discretization
points per fiber and nη fibers in total.
Of course, the virtual generation of microstructures that are composed of different fiber types
is straightforward possible. Then, the initial MD coordinate X of η is distributed wrt. the MD
lay-down density function gj of the respective fiber type and the joint probability density function
becomes r =
∑
j βjgj ,
∑
j βj = 1 where the weights βj ≥ 0 are determined wrt. the mass ratio or
the number ratio of the fiber types. Different adhesive properties of the fiber types can be taken
into account in the identification of adhesive joints, see [12] for details.
2. Modeling Framework
The virtual fiber structure can be represented by a random variable M = {G,F , `,x}. The
topology of the structure is described by a graph G(N , E) where the nodes N represent adhesive
joints and fiber ends and the edges E indicate the existence of fiber connections between them. In
particular, multiple fiber connections between two nodes are represented by a single edge. The set
of all fiber connections is denoted by F , |F| ≥ |E|. Each fiber connection is equipped with a fixed
(positive) length, yielding the gobal length vector ` ∈ R|F|+ . The spatial positions of the adhesive
joints and fiber ends (nodes) are given by x ∈ R3|N |. To refer to the position of an individual node
ν ∈ N we subsequently write xν ∈ R3. Note that we distinguish between the nodes NB associated
to the upper and lower faces (boundary) of the fiber structure and the remaining interior nodes NI ,
i.e., N = NI ∪˙NB . In the following we focus on a single sample M = M(ω). The randomness is
accounted for by Monte-Carlo simulations.
In the experiment the tensile strength of a nonwoven structure is determined by the stress-strain
relation when pulling the upper and lower faces apart. Aiming for efficient tensile strength simula-
tions we equip the virtual graph-based structure with an elastic behavior of truss-type, neglecting
angular momentum effects. We mimic the experiment by considering a sequence of force equilib-
ria with respect to varied boundary conditions, yielding a family of large-scale nonlinear equation
systems. A regularization in form of a dynamic embedding ensures existence and uniqueness of
solutions and makes fast, robust computations possible.
2.1. Elastic graph-based fiber structure of truss-type. The elastic material behavior can be
modeled by treating the fiber connections as Cosserat rods or Timoshenko beams as, e.g., done in
[33]. However, the quality of such a model is in no way related to the performance. The angular
effects are very small, but the computational effort is enormous so that additional homogenization
techniques have to be used for realizing tensile strength simulations. Aiming for computations on
the macroscopic scale that are fast and robust in view of Monte-Carlo simulations we pursue a
different strategy. We equip the fiber structure with an elastic behavior of nonlinear truss-type.
The present constellation of the nodes and, consequently, of the whole structure is then determined
by the acting (traction) forces on the fiber connections.
2.1.1. Equilibrium model. Assume a static set-up. Given the positions of the boundary nodes NB ,
a force equilibrium with respect to the acting (traction) forces on the incident fiber connections is
satisfied in all interior nodes NI , i.e.,
xν = gν , ∀ν ∈ NB (2.3a)∑
µ∈E(ν)
∑
r∈F(µ)
fνµ,r(x) = 0, f
ν
µ,r(x) =
tνµ(x)
‖tνµ(x)‖2
N( ( ‖tνµ(x)‖2, `r ) ), ∀ν ∈ NI (2.3b)
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Figure 2. Material law (2.3c) for EA = 1 [N] and δ = 0.2.
where E(ν) ⊂ E denotes the edges being incident to node ν and F(µ) ⊂ F the fiber connections
being represented by edge µ. The force fνµ,r : R3|N | → R3 in node ν that is caused by fiber connection
r belonging to edge µ acts in normalized edge direction with tνµ(x) = xν˜ − xν for µ = (ν, ν˜). Its
amplitude N depends on the relative strain of the fiber connection with respect to its length `r,
i.e.,  : R+ × R+ → (−1,∞), (l, `) 7→ (l − `)/`. We model it as
N() =
 0, −1 <  ≤ −δEA  (− 116 ( δ )3 + 38 ( δ ) + 12 + 316 ( δ )−1), −δ <  ≤ δ
EA , δ < 
(2.3c)
which reflects Hooke’s law, the common linear stress-strain relation with respect to the cross-section
associated Young’s modulus EA, in the stretched state ( > 0). In the unstretched state ( < 0)
we assume that the force required to straighten the fiber is negligibly small and hence set it to be
zero. The interpolating polynomial on [−δ, δ] with 0 < δ  1 is meant to rise the regularity such
that N ∈ C2((−1,∞),R+0 ) (see Fig. 2).
The variables of the equilibrium model (2.3) are the positions of the interior nodes z ∈ R3|NI |.
Hence we introduce x(z) = PI
T · z + PBT · g with the projections PI ∈ R3|NI |×3|N | and PB ∈
R3|NB |×3|N | onto the interior and boundary nodes, respectively. Rewriting and scaling the model,
it is convenient to consider it as a dimensionless nonlinear system of the form
F(z) = 0, F : R3|NI | → R3|NI | (2.4)
which we refer to as Network Equation System (NES). The function F inherits the regularity of N ,
in particular it and its Jacobian are Lipschitz continuous. Also related to the specific choice of the
material law is that a solution of NES is in general not unique. To illustrate this we consider the
following example: Let z be a solution of NES. We assume that there exists a node ν ∈ NI that
is only incident to fiber connections in an unstretched state, i.e., (‖tνµ(x(z))‖2, `r) ∈ (−1,−δ] for
all µ ∈ E(ν) and r ∈ F(µ). Since N() = 0 holds for  ∈ (−1,−δ], sufficient small variations in the
position of ν do not exert stress on any of the incident fiber connections. Hence all these variations
also solve NES. The lack of uniqueness comes from the fact that N is not injective. Injectivity
could be easily achieved, for example, by introducing crimp as done in [12], but such modeling is
rather heuristic. We prefer the zero-phase in N , as it yields computational advantages concerning
data reduction and sparsity of the Jacobian of F when dealing with the large-scale system after
appropriate regularization.
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2.1.2. Quasi-static model with friction-based regularization. To model the tensile strength test we
consider a family of force equilibria (2.4) with respect to varied boundary positions, i.e., for t ∈ [0, 1]
xν = gν(t), gν(t) = x
◦
ν + tdν ∀ν ∈ NB
dν =
{
d e3, d > 0, ν ∈ NBu
0, ν ∈ NBl .
Proceeding from an initial constellation x◦ν , the nodes associated to the upper face (ν ∈ NBu)
are linearly shifted away with (maximal) displacement length d > 0, while the lower face is fixed
(ν ∈ NBl). This yields the family of large-scale nonlinear systems F(z, t) = 0, t ∈ [0, 1] which we
refer to as quasi-static model. The regularity of F might provide quadratic convergence of Newton’s
method when numerically solving the quasi-static model as a sequence of equilibrium problems for
0 = t0 < t1 < ... < tM = 1 in a continuation framework and using the solution z(ti) as initial guess
for F(z, ti+1) = 0. However, the lack of uniqueness might cause singular Jacobians which prevents
a straightforward application of the method.
To overcome the flaw while preserving the convergence properties we introduce a regularization.
We propose a regularized (dimensionless) model variant in form of a singularly perturbed (stiff)
system of ordinary differential equations with ε 1, for t ∈ (0, 1]
ε z˙(t) = F(z(t), t), z(0) = PI · x◦. (2.5)
The regularization term can be interpreted as friction that is experienced by the interior nodes in the
fiber structure during the tensile strength test. In this context the regularization parameter stands
for ε = γ w/((EA)T ) with fiber friction coefficient γ, elasticity modulus EA, test volume width w
and final test time T . As the tensile strength test takes long time (the fiber structure is pulled away
very slowly), ε  1 holds true and the transition to the quasi-static framework is justified, ε → 0.
Due to the regularity of F and in particular its Lipschitz continuity in z, the regularized model
(2.5) possess a unique solution zε. Moreover, zε(t) approaches to a solution of F(z, t) = 0 for all
t ∈ [0, 1] as ε→ 0. This might be interpreted as the friction-associated solution of the quasi-static
model. For the numerical handling of (2.5) we apply an implicit integration scheme to account for
the model’s stiffness and solve the resulting nonlinear systems with Newton’s method. In each time
step we use solution contributions associated to the former time levels as initial guess.
From modeling side the consideration of the singularly perturbed system (2.5) is intuitive, re-
sulting in a good numerical performance concerning efficiency and accuracy of the tensile strength
simulations. From optimization side also other regularizations of (2.4) might be possible, e.g., a
classical Tikhonov regularization [15, 17]. In that case the uniqueness is obtained by adding a
(small physically artificial) force in direction of some reference node constellation. Alternatively,
other numerical approaches, such as quasi Newton methods, or minimal residual techniques that
are able to handle singularities in the Jacobian, could be applied directly to NES, but they possess
in general lower convergence rates [13, 18].
Remark 1. In case that the fiber structure is viewed as a representative volume element in a
homogenization analysis, it might make sense to keep the lateral nodes on the respective faces in
the tensile strength model such that a lateral contraction of the structure is prevented during the
simulation. The lateral faces are particularly induced by the base [−w/2, w/2]2 of the initially
surrounding test volume V with outer normals n. Let NL be the set of the lateral nodes such that
N = NI ∪˙NB∪˙NL holds. Then, (2.3) is supplemented by the following conditions∑
µ∈E(ν)
∑
r∈F(µ)
fνµ,r(x) + λνnν = 0, ∀ν ∈ NL (2.6a)
xν · nν − w
2
= 0, ∀ν ∈ NL (2.6b)
where the force equilibrium in a lateral node ν is augmented by a force acting in the direction of the
respective outer normal nν ∈ R3. The force amplitude λν ∈ R acts as Lagrange multiplier (unknown)
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(a) Stress-strain relation with tensile force TM [N]. (b) Behavior of virtual fiber structure during the test at (M , TM )
indicated by markers in (A).
Figure 3. Tensile strength simulation results computed with (2.5) for fiber struc-
ture sample of Fig. 1.
to the location constraint on ν. The modified equilibrium model with the positions of interior and
lateral nodes z ∈ R3(|NI |+|NL|) as well as the Lagrange multipliers λ ∈ R|NL| as variables can be
formulated in (dimensionless) form
F˜(z,λ) = 0, F˜ : R3(|NI |+|NL|) × R|NL| → R3(|NI |+|NL|)
G · z = 0, G ∈ R|NL|×3(|NI |+|NL|)
(2.7)
where the nonlinear function F˜ comes from (2.3), (2.6a) and the linear mapping from the location
constraint (2.6b). The matrix G has full row rank. Analogously to (2.4), the system (2.7) possesses
multiple solutions.
The corresponding regularized quasi-static model variant becomes a semi-explicit system of dif-
ferential algebraic equations, for t ∈ (0, 1]
ε z˙(t) = F˜(z(t),λ(t), t), z(0) = PI,L · x◦
0 = G · z(t), λ(0) = 0 (2.8)
since the regularization (adding of friction) is only reasonable in the force balances whereas the
location constraints are kept unchanged as algebraic equations. Here, PI,L denotes the projection
onto the interior and lateral node positions. The system (2.8) is of differentiation index 2.
2.2. Tensile strength behavior. Given the fiber structure sample M =M(ω), its tensile strength
behavior is quantified by its stress-strain relation. Let e3 be the shift direction in the tensile strength
experiment. By pulling away the upper face while fixing the lower one of the microstructure, an
inner tensile force is caused, which acts against the pulling. Its amplitude adds up from all force
components of fiber connections being incident to nodes on the upper face ν ∈ NBu , i.e.,
TM (x) = −
∑
ν∈NBu
∑
µ∈E(ν)
∑
r∈F(µ)
fνµ,r(x) · e3 (2.9a)
The strain M of the structure corresponds to the change of height with regard to the initial structure
height h◦. In the test it particularly reads, for t ∈ (0, 1]
M (t) =
h(t)− h◦
h◦
=
d
h◦
t (2.9b)
with the (maximal) displacement length d as well as h(t) = (maxν∈NB xν(t)−minν∈NB xν(t)) · e3
and h(0) = h◦. Consequently, the stress-strain relation is expressed by (M (t), TM (x(z(t), t)),
t ∈ [0, 1] where z(t) is the unique solution of the regularized quasi-static model. For an exemplary
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(a) Removal of uninvolved
components.
(b) Subsequent removal of
loose subgraphs.
(c) Removal of simple linking
nodes, merging of fibers.
(d) Resulting
reduced graph.
Figure 4. Illustration of the graph-based data reduction from (A) to (D)
sample and (2.5), the stress-strain relation with the respective material behavior during the tensile
strength simulation is visualized in Fig. 3. The fiber structure shows the elongation with the
expected simultaneous contraction.
3. Graph-Based Data Reduction
The virtual graph-based fiber structures consist of several thousand nodes and edges. This results
in a high dimensionality of the associated NESs and even leads to cases where the structural matrices
cannot be stored. In this section, we present a strategy that accounts for the problem-relevant graph
structure. It reduces data and, thus, the model’s complexity and computing time, while achieving
comparable tensile strength results.
Consider the underlying graph G to the fiber structure sample M . There exist subgraphs that
do not contribute to the tensile strength behavior in the quasi-static (limit) model (ε = 0), such
as uninvolved components, loose subgraphs and simple linking nodes. Thus, we remove them from
G in the subsequently described order. The tensile strength is determined by pulling away the
upper and lower faces of the fiber structure. Concerning this procedure we distinguish between
the involved and uninvolved graph components. We refer to a graph component as uninvolved,
CU ⊂ G , if it does not contain a path connecting both faces, i.e., CU ∩ NBu = ∅ or CU ∩ NBl = ∅.
For each involved component CI ⊆ G, a connected subgraph S ⊂ CI is said to be loose if it is
connected to the remainder R = CI \S over a cutvertex and if it does not contain a boundary node,
N (S) ∩ NB = ∅. Loose subgraphs do not give rise to any tension as they are pulled along over
their respective cutvertices. Both, uninvolved components and loose subgraphs, can be found with
a depth-first search [6], which is coupled to an effort of O(|N |+ |E|) comparisons. In addition, we
remove all simple linking nodes in the involved graph components. We refer to a node ν as simple
linking node, if it has degree 2 and links a fiber connection pair, i.e., |E(ν)| = 2 with |F(µ)| = 1 for
each µ ∈ E(ν). Replacing the original fiber connection pair by a single fiber connection of cumulated
length yields a similar tensile strength behavior with less data. Simple linking nodes can be easily
identified by means of the adjacency matrix and the edge-fiber connection relation, taking an effort
of O(|N |) comparisons. In Fig. 4 the procedure of the data reduction is illustrated using a small
exemplary graph.
In case of the regularized quasi-static model the fiber structure is exposed to friction (ε > 0).
We assume that the contributions of the uninvolved graph components, loose subgraphs and simple
linking nodes to the overall tensile strength behavior are still negligibly small. The removal of these
subgraphs reduces crucially the size of the considered graph and the computing time and, hence,
enables efficient tensile strength simulations. For a numerical study on the impact of the data
reduction and the influence of ε see Sec. 4.
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Property Symbol Model
Fiber lay-down distribution r r(x) = exp(− x22σ2 )χ[− xr2 , xr2 ]/
∫ xr
2
− xr2 exp(−
x2
2σ2 )dx
Production time for VR TR TR = (xr + wR)/vB
Trace curve due to belt motion xB xB(T ) = (xr − wR)/2 + vBT
Lay-down potential V V (ξ) = ξ · (∑i=x,y,z(σ2i )−1ei ⊗ ei) · ξ
Value Unit
Test volume height h 5.0 · 10−2 m
Test volume width w,wR 1.0 · 10−2, 1.2 · 10−1 m
Fiber length L 5.5 · 10−2 m
Fiber number (adhesive part) for VR n 7.3 · 105 (40%)
Lay-down distribution deviation σ 2.0 · 10−2 m
Lay-down distribution range xr 2.0 · 10−1 m
Conveyor belt speed vB 3.3 · 10−2 m s−1
Noise amplitude A 2.0 · 10−1 m−1/2
Anisotropy constant B 3.0 · 10−1
Lay-down potential parameters σx, σy, σz 1.5 · 10−2, 2.0 · 10−2, 1.5 · 10−3 m
Contact threshold κ 2.8 · 10−4 m
Fiber discretization length ∆s 3.7 · 10−4 m
Elasticity modulus EA 1.0 N
Maximal displacement length d 2.5 · 10−2 m
Table 1. Models and parameters used for virtual fiber structure generation and
tensile strength test.
4. Numerical Results
In this section we study the performance of the tensile strength simulations in view of accuracy
and computational costs. Particular attention is paid to the influence of the regularizations and the
data reduction. In addition, we investigate the effect of the randomness.
We consider a nonwoven material which is virtually generated with regard to the industrial
scenario outlined in [12]. Modeling the ramp-like contour (lay-down distribution) by a truncated
normal distribution, the individual fibers in (1.1) are computed by means of the Euler-Maruyama
scheme with step size ∆s. For the virtual bonding (1.2), we treat only a part of all fibers to
be adhesive and to be able to form adhesive joints in order to reflect different fiber types in the
production process. The contact threshold satisfies κ < ∆s. The models and parameters used in
the fiber structure generation are listed in Table 1. In the tensile strength test we apply a maximal
strain of ?M = 0.5 to the random graph-based fiber structure M = {G,F , `,x}. To account for the
stiffness of the regularized quasi-static model (2.5) we employ a BDF(2)-scheme (multistep method,
Backward Differentiation Formula) with step size ∆t which is initialized with an implicit midpoint
rule. The resulting nonlinear equation systems are solved with an exact Newton method with an
error tolerance of O(10−8). As initial guess we use a linear extrapolation of the variables, i.e.,
z
(0)
k+1 = 2zk − zk−1, as warm start. Note that the involved linear systems are sparse due to the
modeled material law and tackled with a direct solver using analytically determined Jacobians. All
computations have been carried out with MATLAB version R2019b on a Fujitsu Esprimo P958
running Ubuntu 20.04.
4.1. Impact of regularizations. A solution of the quasi-static model and hence the tensile
strength behavior depends on the choice of the two involved regularization parameters: ε (fric-
tion) in (2.5) and δ (material law) in (2.3c). To study their impact on the solution and to exclude
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(a) Tensile force curve corresponding
to the solution zε of (2.5).
(b) Residual ‖F(zε(t), t)‖2 for various ε. (c) Error to reference solution zˆ(1). Dash-
ed line shows first order convergence.
Figure 5. Influence of ε on the tensile strength behavior, δ = 10−4.
randomness we consider a fixed (deterministic) material sample M =M(ω) and ∆t = 10−5 in the
tensile strength test.
Figure 5 illustrates the influence of the friction-associated regularization parameter ε for fixed
δ = 10−4, where the reference solution zˆ is computed with ε = 10−8. The visualized curves for
the tensile forces over t ∈ [0, 1] can be viewed as scaled stress-strain relations, they correspond
to solutions zε of (2.5) for ε ∈ {10−4, 10−5, 10−6, 10−7}. For ε → 0, zε converges to the friction-
associated solution of the quasi-static limit model F(z, t) = 0. The convergence turns out to be
linear in . Over the tensile strength test t ∈ [0, 1], the residuals of NES show an almost constant
magnitude of O(100 ε) for given ε. For moderate ε, ε ≥ 10−4, this implies large absolute and
relative errors in the beginning of the test (i.e., for small t). The errors accumulate for increasing t
and lead to undesirably high deviations from the reference in the final node constellation at t = 1,
e.g., ‖zε(1) − zˆ(1)‖2 ∼ O(101) for ε = 10−4. Moreover, the corresponding stress-strain curves
show a qualitatively absolutely wrong behavior. However, the regularization parameter ε cannot be
chosen arbitrarily small either, since due to the stiffness of the model the computational costs grow
significantly for ε→ 0. A good compromise between accuracy and effort turns out to be ε = 10−6,
because it provides satisfactory approximations with an acceptable computational effort as we will
comment on later on.
The parameter δ acts as smoothing parameter in the underlying material law. Thus, it is not
only included in the regularized quasi-static model (2.5), but also in the limit model F(z, t) = 0
itself. Figure 6 illustrates the influence of δ for fixed ε = 10−6, where the reference solution zˆ is
computed with δ = 10−8. The visualized tensile force curves correspond to solutions zδ of (2.5)
for δ ∈ {10−2, 10−3, 10−4, 10−5}. Apparently, the sensitivity of the stress-strain results towards a
variation of δ is comparably small. The convergence to the reference is linear in δ, satisfactory
results are already obtained for moderate δ, e.g., ‖zδ(1) − zˆ(1)‖2 ∼ O(10−6) for δ = 10−4. The
residuals of NES show the same small constant magnitude over t independent of δ. Thus, the impact
of δ can be neglected, we use δ = 10−4 in the following.
4.2. Effects of randomness. To investigate the effects of randomness on the tensile strength
behavior of the fiber structure M, we perform Monte-Carlo simulations. The focus is on the
performance of the data reduction in view of accuracy and computational savings. The presented
results are based on nM samples, using nM = 100, ε = 10−6, δ = 10−4 and ∆t = 10−4.
The Monte-Carlo results for the stress-strain relations (M (t), TM (x(z(t), t)), t ∈ [0, 1], M =
1, ..., nM of the random fiber structure are visualized in Fig. 7. The results show the features that
are known and expected from experimental data. To assess characteristic material properties it
is convenient to consider quantiles and average. The computation of the confidence interval of
the expected tensile strength behavior is based on the assumption that the results are normally
distributed. Apart from a few outliers the stress-strain curves are very similar which leads to tight
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(a) Tensile force curve corresponding
to the solution zδ of (2.5).
(b) Residual ‖F(zδ(t), t)‖2 for various δ. (c) Error to reference solution zˆ(1). Dash-
ed line shows first order convergence.
Figure 6. Influence of δ on the tensile strength behavior, ε = 10−6.
(a) Stress-strain relation. (b) 0.1-quantile and 0.9-quantile. (c) Average and 90% confidence interval.
Figure 7. Monte-Carlo results for the stress-strain relation of the (full) fiber struc-
ture M, nM = 100.
confidence intervals as desired in the industrial production process. The results refer to samples
without data reduction.
Depending on the random structure of the underlying graphs, the amount of nodes and edges
that is removed by our data reduction procedure varies for each sample. In the considered setup
the (full) graph has in average 3.8 · 104 nodes and 9.3 · 104 edges, the average reduction of nodes is
approximately 20% and that of edges 8 %, see Fig. 8a for details on the distribution. Thus, by data
reduction the dimension of the problem is significantly decreased. Comparing the tensile strength
behavior before and after data reduction, we refer to the tensile force of the full sample as TM,f and
to the one of the reduced sample as TM,r. The reduction errors throughout the tensile strength test
are of moderate, acceptable magnitude in total (i.e., L2-error of size O(10−4) for ε = 10−6). The
highest absolute deviation is observed in the stress-strain situation when the tensile force starts to
grow rapidly for increasing strain M . However, note that the relative deviations are large in the
beginning of the tensile strength test when the fiber structure is in an (almost) stress-free state.
Reason is that – by removing uninvolved components, loose subgraphs and simply linked nodes –
the frictional effects on the respective nodes due to the introduced regularization parameter ε are
neglected. For ε→ 0 these effects vanish, as the removed parts do not give rise to tension anymore.
In particular, the L2-reduction error goes linearly in ε, cf. Fig. 8.
Typical computation times recorded for sample generation, data reduction and the corresponding
tensile strength simulations can be found in Table 2. Apparently, the fiber structure generation,
which is mainly determined by the identification of adhesive joints, is comparably fast. In this
context, the effort for data reduction is marginal and can be neglected. Most of the time is spent
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(a) Graph size before and after reduction. (b) Absolute reduction error in tensile
forces.
(c) L2-reduction error depending on ε.
First order convergence by dashed line.
Figure 8. Effect of data reduction on the tensile strength behavior, cf. Fig. 7.
Procedure DOF Newton iterations per step CPU [min]
∆t 10−4 10−5 ∆t? 10−4 10−5 ∆t?
structure generation 20 20 20
full simulation 100 000 8.2 3.2 10.0 340 1280 130
data reduction 2 2 2
reduced simulation 80 000 8.2 3.1 11.5 280 1080 100
Table 2. Typical computation times for a sample, ( averaged value).
for the actual tensile strength simulations. Solving the emerging nonlinear systems is, hereby, the
computational bottleneck. To ensure (numerical) convergence of Newton’s method a good initial
guess is necessary which requires here in general a small step size ∆t. The interplay of step size and
number of Newton iterations per step determines the overall computation time. We employ step
size control to rise the efficiency. The step size is chosen in the range ∆t? ∈ [10−6, 10−2] to satisfy
an accuracy O(10−8). The use of parallelization is beneficial for the Monte-Carlo simulations.
This proof of concept shows that tensile strength simulations of nonwoven materials can be
performed at a macroscopic level without the use of additional homogenization techniques. This
way, structural features coming from the production process (like the ramp-contour) are taken into
account.
5. Conclusion and Outlook
In this paper we presented a framework that allows for efficient virtual tensile strength investiga-
tions on nonwoven materials in which structural production-related features are taken into account
on a macroscopic level without any homogenization techniques. Modeling the large complex elastic
random fiber structure as graph-based and of truss-type, we introduced a friction-associated regu-
larization and developed a problem-tailored data reduction method. The randomness is accounted
for by Monte-Carlo simulations. We performed a proof of concept for an industrial setup. The
computed stress-strain curves show the typical properties known from measurements. For com-
parability with experiments and validation issues, however, there is need of further extensive and
careful calibrations of the virtual fiber structure generation with tomographic data. A longtime
objective is the embedding of the simulations in an optimization framework in order to control
the production parameters to obtain a desired material behavior with respect to minimal material
usage, or to minimize the variance of the stress-strain curves.
Acknowledgements. The support of the German Research Training Group Algorithmic Opti-
mization – ALOP (RTG 2126) funded by the DFG is acknowledged.
EFFICIENT GRAPH-BASED TENSILE STRENGTH SIMULATIONS OF RANDOM FIBER STRUCTURES 13
References
[1] S. Adanur and T. Liao, Fiber arrangement characteristics and their effects on nonwoven tensile behavior,
Textile Research Journal, 69 (1999), pp. 816–824.
[2] W. Albrecht, H. Fuchs, and W. Kittelmann, Nonwoven Fabrics Raw Materials, Manufacture, Applications,
Characteristics, Testing Processes, Wiley-VCH, Weinheim, 2003.
[3] S. Bais-Singh and B. C. Goswami, Theoretical determination of the mechanical response of spun-bonded non-
wovens, Journal of the Textile Institute, 186 (1995), pp. 271–288.
[4] M. Briane, Three models of non periodic fibrous materials obtained by homogenization, RAIRO – Mode´lisation
mathe´matique et analyse nume´rique, 27 (1993), pp. 759–775.
[5] P. N. Britton, A. J. Sampson, C. F. Elliott, H. W. Graben, and W. E. Gettys, Computer simulation
of the mechanical properties of nonwoven fabrics part I: The method, Textile Research Journal, 53 (1983),
pp. 363–368.
[6] T. Cormen, C. Leiserson, R. Rivest, and C. Stein, Introduction to Algorithms, MIT Press, Cambridge
Massachusetts, 2009.
[7] D. Das and B. Pourdeyhimi, Composite Nonwoven Materials: Structure, Properties and Applications, Elsevier
Science, Burlington, 2014.
[8] E. Demirci, M. Acar, B. Pourdeyhimi, and V. Silberschmidt, Finite element modelling of thermally bonded
bicomponent fibre nonwovens: Tensile behaviour, Computational Materials Science, 50 (2011), pp. 1286–1291.
[9] M. Faessel, C. Delise´e, F. Bos, and P. Caste´ra, 3d modelling of random cellulosic fibrous networks based
on x-ray tomography and image analysis, Composites Science and Technology, 65 (2005), pp. 1931–1940.
[10] F. Farukh, E. Demirci, B. Sabuncuoglu, M. Acar, B. Pourdeyhimi, and V. Silberschmidt, Mechanical
analysis of bi-component-fibre nonwovens: Finite-element strategy, Composites Part B: Engineering, 68 (2015),
pp. 327–335.
[11] T. Go¨tz, A. Klar, N. Marheineke, and R. Wegener, A stochastic model and associated Fokker-Planck
equation for the fiber lay-down process in nonwoven production processes, SIAM Journal of Applied Mathematics,
67 (2007), pp. 1704–1717.
[12] S. Gramsch, A. Klar, G. Leugering, N. Marheineke, C. Nessler, C. Strohmeyer, and R. Wegener,
Aerodynamic web forming: Process simulation and material properties, Journal of Mathematics in Industry, 6
(2016).
[13] M. Hanke, A. Neubauer, and O. Scherzer, A convergence analysis of the landweber iteration fornonlinear
ill-posed problems, Numerische Mathematik, 72 (1995), pp. 21–37.
[14] R. Hill, Elastic properties of reinforced solids: Some theoretical principles, Journal of the Mechanics and Physics
of Solids, 11 (1963), pp. 357–372.
[15] Z.-Y. Hou and Q.-N. Jin, Tikhonov regularization for nonlinear ill-posed problems, Nonlinear Analysis: Theory,
Methods & Applications, 28 (1997), pp. 1799–1809.
[16] T. Ishikawa, Y. Ishii, K. Nakasone, Y. Ohkoshi, and K. K. Hou, Structure analysis of needle-punched
nonwoven fabrics by x-ray computed tomography, Textile Research Journal, 89 (2019), pp. 20–31.
[17] K. Ito and B. Jin, Inverse problems: Tikhonov Theory and Algorithms, World Scientific, Hackensack New
Jersey, 2014.
[18] Q.-N. Jin, On the iteratively regularized gauss-newton method for solving nonlinear ill-posed problems, Mathe-
matics of Computation, 69 (2000), pp. 1603–1624.
[19] O. Jirsak, D. Lukas, and R. Charva´t, A two-dimensional model of the mechanical properties of textiles,
Journal of the Textile Institute, 84 (1993), pp. 1–15.
[20] A. Klar, N. Marheineke, and R. Wegener, Hierarchy of mathematical models for production processes of
technical textiles, ZAMM – Zeitschrift fu¨r Angewandte Mathematik und Mechanik, 89 (2009), pp. 941–961.
[21] A. Klar, J. Maringer, and R. Wegener, A 3d model for fiber lay-down in nonwoven production processes,
Mathematical Models and Methods in Applied Sciences, 22 (2012), p. 1250020.
[22] T. Kufner, G. Leugering, J. Semmler, M. Stingl, and C. Strohmeyer, Simulation and structural opti-
mization of 3d timoshenko beam networks, ESAIM: Mathematical Modelling and Numerical Analysis, 52 (2018),
pp. 2409–2431.
[23] C. Le Bris, Some numerical approaches for weakly random homogenization, in Numerical Mathematics and
Advanced Applications 2009, G. Kreiss, P. Lo¨tstedt, A. Malqvist, and M. Neytcheva, eds., Berlin Heidelberg,
2010, Springer, pp. 29–45.
[24] A. Lebe´e and K. Sab, Homogenization of a space frame as a thick plate: Application of the bending-gradient
theory to a beam lattice, Computers & Structures, 127 (2013), pp. 88–101.
[25] J. Ohser and F. Mu¨cklich, Statistical Analysis of Microstructures in Materials Science, John Wiley, Chichester
England New York, 2000.
[26] J. Ohser and K. Schladitz, 3D Images of Materials Structures: Processing and Analysis, Wiley-VCH, Wein-
heim, 2009.
[27] B. Pourdeyhimi, B. Maze´, and H. V. Tafreshi, Simulation and analysis of unbonded nonwoven fibrous
structures, Journal of Engineered Fibers and Fabrics, 1 (2006), pp. 47–65.
14 M. HARMENING ET AL.
[28] A. Raina and C. Linder, A homogenization approach for nonwoven materials based on fiber undulations and
reorientation, Journal of the Mechanics and Physics of Solids, 65 (2014), pp. 12–34.
[29] C. Redenbach, K. Schladitz, I. Vecchio, and O. Wirjadi, Image analysis for microstructures based on
stochastic models, GAMM-Mitteilungen, 37 (2014), pp. 281–305.
[30] S. J. Russell, Handbook of nonwovens, CRC Press Woodhead Pub. Ltd, Boca Raton, Fla. Cambridge, 2007.
[31] K. Schladitz, S. Peters, D. Reinel-Bitzer, A. Wiegmann, and J. Ohser, Design of acoustic trim based on
geometric modeling and flow simulation for non-woven, Computational Materials Science, 38 (2006), pp. 56–66.
[32] O. Sigmund, Materials with prescribed constitutive parameters: An inverse homogenization problem, Interna-
tional Journal of Solids and Structures, 31 (1994), pp. 2313–2329.
[33] C. Strohmeyer, Networks of Nonlinear Thin Structures – Theory and Applications, PhD thesis, Friedrich-
Alexander-Universita¨t Erlangen-Nu¨rnberg, 2018.
